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I ntboduction
Mayer, together with several collaborators, developed a few years ago a very powerful method of dealing with the thermodynamical properties of gases (Mayer 1937; Mayer and Ackermann 1937; Mayer and Harrison 1938) . A rigorous treatm ent of Mayer's theory has been given by Born and myself (1938) .
The central idea of Mayer's method is this: If we evaluate the partition function correctly, taking into account all configurations of the particles possible in a given volume, then any phase change must follow automatically from the partition function. If, in particular, the phase change is associated with a change of volume, the pressure must automatically be constant between the volumes of the two phases.
The partition function then is a non-analytic function of the volume. I t has singularities for those volumes where a phase change takes place. Mayer used this property of the partition function in order to obtain a theoretical description of the phenomenon of condensation. If we develop the partition function in a power series of the reciprocal volume, this series diverges for the condensation volume. Beyond this volume the pressure remains constant. The lower terms of the series give the properties of the gas and they can in principle be evaluated, if the forces between the particles are known.
The condensation volume and pressure, on the other hand, are deter mined by the asymptotic value of the higher coefficients in this series. These are of such a complicated nature th at a direct evaluation is im possible.
If the condensed phase is a solid, the partition function can be evaluated by different means. We can then reverse the problem. Instead of evaluating the partition function in terms of the coefficients of the power series, we may evaluate the asymptotic value of the coefficients in terms of the partition function. If this can be done, the condensation volume and vapour pressure can be expressed in terms of the lower coefficients of the expansion on the one hand, and the partition function of the condensed state on the other.
I shall show that this actually can be done. The resulting equation for the vapour pressure gives in first approximation the vapour-pressure equation of Stern.
T he e x pa n sio n of the partition fu nction
It will be necessary to repeat some equations of Mayer's theory, since we have to inquire whether they can be applied to the condensed phase.
The notation of Born and myself (1938, in the following quoted as I) will be used. We defined the J51-functions (I, 3-1)
If v is the volume per particle, N the number of particles and bt the ' cluster integrals' (1,1-6), then the partition function of the system is given by (1,1-1 and I, 3-2)
We then formed the -functions (I, 5-1)
By the theorem of Cauchy Hadamard the asymptotic value of Q^/N ! can be expressed by the radius of convergence of the series H°x (in I we used r, R for x, X ; the change of notation is introduced in order to avoid confusion with the gas constant R)
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The //-functions are closely connected with the ^-functions (I, 3-3)
The connexion is given by the theorems (1,5-2, 5-11 and 5*12)
Hff(x, vb)
where the variables x and z are connected by the equation
( 2-6 ) (2-7)
( 2-8 )
In I we distinguished two regions. In the region of the gaseous phase, we defined Z as the root of the equation
From (2-6) it follows th at for this value of z,HQ 0 diverges and with (2*8), (2-4), (2-2) we found the partition function and free energy A = A~\ n Q = N {G "(Z)-\nZ-lnvk}, * » -(sjat?)" (2-10)
= -N{.lnX + \n vk}.
HZ is the first singularity of G(z, vb) on the positive axis, then for volumes smaller than vg the radius X is given by means of Z. Here means of the equation
0,0,4) = i. (2-11) vg
In this case the partition function is given by (2*10), with Z replaced by Z.
In both cases we find the same type of equation for the pressure
Here V is the total volume Nv. From the second equation we concluded th a t the pressure remains constant for volumes smaller than vg, and this region is therefore the region of phase change from the gaseous phase to the condensed phase. The value of Z is of course connected with the asymptotic value of the cluster integrals in the same way as X is connected with the asymptotic value of the partition function.
No indication could be obtained from these equations about the con densed phase. This problem will be discussed in the next section.
3. E x p a n sio n of th e partitio n functio n for the c o n d en se d ph a se
The cluster integrals are defined as certain integrals over the configuration space of l particles corresponding to the total volume
The integrand is such that it gives a contribution only if each particle is within the range of forces of the other particles. Since the integration extends over the whole volume, the smaller cluster integrals are obviously independent of the volume. Even if the volume per particle is smaller than the cube of the range of forces, the total volume Nv can still be considere as the number l of particles in the cluster is small compared to N. But if l is of the same order as N, the cluster integrals can depend on the volume.
If the volume v per particle is given, the cluster integrals depend therefore furthermore on the total number of particles; I shall denote them by 6f>.
(3-1)
Now consider the definition (2-3) of the 77-functions, it is seen th at in each term the coefficients bt will be different and our theorem about 77-functions cannot be applied. This, of course, is the case only if the con tribution of the large cluster integrals to the partition function is appreciable. There is therefore no difficulty about the gaseous phase. Even for the densest gases, the cluster integrals can be considered as constants. The difficulty can be avoided in the following way. I define NGx(z) = Gx(z, vbW), b < tN) = 0 if 1>N, (3-2) and correspondingly
Then the theorem about 77-functions holds for every one of these functions. Consequently, it also holds in the limit N -> oo. I therefore define
These are the functions which have to be used instead of H f and Gx. I obtain the same equation for the partition function in terms of Z, with the only difference th at Z is now the first singularity of gx on the positive axis; it is therefore given by
and evidently it can depend on the volume.
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Except in the neighbourhood of the critical'point, the middle sized clusters do not give any contribution to either the partition function or the series Gx. They are therefore semi-convergent beyond the singularities and, since the lower cluster integrals do not depend on the volume, they are semi-convergent expansions of gx. In this sense the e partition function remains correct, if Z is replac Since this quantity depends on the volume, the expression (2*12) for the pressure must be modified; instead Thus, in this region the pressure changes with the volume and it must therefore be identified with the condensed phase.
I therefore define a volume vc, such th at for volumes greater than vc, bffl and therefore Z is constant, and th a t these quantities depend on the volume for volumes smaller than vc. Then vc is the volume of the condensed phase.
Such non-analytical behaviour of the large cluster integrals is easily understood. They are integrals very similar to the integral defining the partition function, though rather more complicated. In the case of the partition function it is easy to understand the discontinuity for v -vc, if we realize that the configurations corresponding to the coexistence of two phases are also included in the integration over the whole configuration space. There is therefore a linear decrease of the free energy corre sponding to a linear increase of the number of particles in gaseous con figurations. But, since the latter do not contribute to the large cluster integrals, these remain constant for volumes larger than vc. 4 I shall now assume that the free energy of the condensed phase has been obtained. If the condensed phase is the solid phase, this can, for example, be done in the well-known way by integration over all normal modes of vibration. Thus from (2-10) The volume vc finally is determined by the condition th at the pressure of the solid phase is identical with the vapour pressure
The series in these formulae of course converge. They are semi-convergent only for volumes smaller than vc.
I have therefore expressed the condensation volume vg and the vapour pressure in terms of the lower cluster integrals and the free energy of the condensed phase. The volume vc of the condensed phase is expressed as the solution of an equation involving also only the lower cluster integrals and the free energy of the condensed phase.
The cluster integrals furthermore can be expressed in terms of the irreducible integrals /?" (see I, 3*2), which multiplied by -v/v+1 are iden tical with the virial coefficients.
In the following the first few terms of the expansions are given. The cluster integrals are If the condensed phase is the solid phase, the free energy may be written in the form A e .
H r ~ k T~^ln¥ 2^n +lnVk'
Taking only the first terms in the expansions (4*10), (4*11) we find t w
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In Pc = ~ -^\nkT + ^ln(v' z27rm).
(4-12) (4-13) (4-14)
The last equation is the vapour-pressure formula of Stern (cf. for example, Born 1923). I t holds for sufficiently low temperatures. For higher tem peratures the next terms in the expansion must be included.
In the same approximation we find for Z Z = -eAcIRT = lim V fc N-> 00 \ N • / Q (N ) (4*15)
< > = Nl ' or with (3-5) (4-16) Thus a t sufficiently low temperatures at least, the large cluster integrals are identical with th a t part of the partition function which arises from the integration over the spatial co-ordinates.
